Abstract: In this paper, we study the outage performance of a complex system consisting of a free-space optical (FSO)/radio-frequency (RF) link. Using radio over free-space optics technology, the FSO link carries Worldwide Interoperability for Microwave Access (WiMAX) signals from a core network to a WiMAX base station, delivering traffic to multiple end RF users. A novel closed-form analytical expression for overall outage probability is derived when M-ary phase-shift keying (M-PSK) and M-ary quadrature amplitude modulation (M-QAM) are applied. The analysis is performed when the FSO link is under the influence of the Gamma-Gamma turbulence, path loss, and misalignment between the transmitter and receiver apertures, and the RF part is influenced by the Gammashadowed Nakagami-m multipath fading. To illustrate the usefulness of the derived expressions, we present some numerical results that enable us to estimate the effects of different transceiver and channel parameters on the outage probability. The results are used for optimizing the transmitter laser beam radius at the waist to achieve the minimal overall outage probability in the case of different conditions over the RF part. The numerical and simulation results show that multipath fading severity and shadowing spread over the RF part have a significant effect on the optimal value of the laser beam waist and can decrease the overall outage probability for several orders of magnitude.
Introduction
Radio over free-space optics, containing optical carriers modulated in an analog manner by radio-frequency (RF) subcarriers, has been suggested as a low-cost, high quality, secure, and reliable technology for aggregating Worldwide Interoperability for Microwave Access (WiMAX) traffic. As an alternative to millimeter-wave links, free-space optical (FSO) backhaul links offer high capacity and use seamless connections to optical fibres when connecting the core network [1] - [6] .
Optical wireless technology was considered as a potential distributer of WiMAX traffic in metro or access networks [1] , [3] - [6] . Cvijetic et al. studied transmission of orthogonal frequency-division multiplexing (OFDM) WiMAX traffic over FSO link via subcarrier modulation with direct/heterodyne detection in [3] and [4] , respectively, where outage and symbol error performance was determined for both detection techniques. In [5] , a multiple-input multiple-output architecture for distributing WiMAX traffic using optical wireless technology is presented, where different protocols are considered. A network consisting of a satellite, high altitude platforms and subscribers for WiMAX traffic was proposed in [6] , and results indicated that laser links could be a viable technology for providing mobile communication services. Outage probability of WiMAX on FSO was examined by Vaiopolos et al. in [1] , where the combined effects of link distance, path loss, log-normal shadowing and atmospheric turbulence were analyzed.
In contrast to [1] , we extend the analysis to a more general case. Atmospheric turbulence is modeled by the Gamma-Gamma distribution, proven to be an excellent model for weak, moderate and strong atmospheric turbulence conditions [7] - [12] , as opposed to a log-normal model [1] , which accounts only for weak turbulence. This Gamma-Gamma model has been proved that has experimental support [7] - [12] . Furthermore, multipath fading is modeled by the Nakagami-m distribution, allowing the analysis of fading conditions that can have a direct component, as well as severe fading, even more severe than Rayleigh, considered in [1] . Besides multipath fading, the shadowing effect over RF part is also taken into account [13] - [16] , and it is modeled by the Gamma distribution whose parameters are linked with shadowing spread. The shadowing effect depends on receiver surroundings and characteristically appears in industrial wireless network environment [13] . This Gamma-shadowed Nakagami-m composite fading model was experimentally verified in [17] and [18] . The analysis in this paper is suited for both M-ary phase-shift keying (M-PSK) and M-ary quadrature amplitude modulation (M-QAM).
In this paper, we investigate the overall outage probability dependence on different simultaneous effects, like optical link length, distance between RF user and base station (BS), modulation scheme and constellation size used, fading and shadowing severity, turbulence conditions, and pointing errors. The FSO apertures are usually deployed on high buildings, and therefore vibrations of the transmitted optical signal caused by building sway, strong wind, or weak earthquakes causes misalignment between the transmitter and the receiver. The pointing error phenomena is therefore also known as misalignment fading [18] - [20] . The goal of this paper is to optimize the laser beam radius at the waist in the presence of Nakagami-m multipath fading and Gamma shadowing over the RF part, in order to minimize the outage probability. In addition, using the probability density function (PDF) of received signal-to-noise ratio (SNR), we spread the analysis to determining the overall amount of fading (AF), which is a significant measure of fading severity [5] , [21] .
The rest of the paper is organized as follows. Section 2 introduces the system model. The outage probability analysis is given in Section 3, for both M-PSK and M-QAM modulation schemes. Section 4 contains the derivation of moments and AF. The simulation model is described in Section 5. Section 6 presents numerical results with appropriate discussions, and concluding remarks are given in Section 7.
System Model
We investigate a FSO link used as a WiMAX backhaul, aggregating and delivering traffic from a core network/Internet to the end users. The complex system consists of FSO and RF subsystems. The system model is shown in Fig. 1 .
The FSO subsystem uses subcarrier intensity modulation (SIM) [7] , [22] - [25] . The laser transmitter aperture which is connected to a core network is mounted on a high building or pole, allowing line-of-sight (LoS) to the WiMAX BS. The aperture is directed at the optical receiver. The received optical signal is fed to the detector, which further converts it to an electrical signal using a PIN photodetector.
The electrical signal is then transmitted to the end users. WiMAX employs OFDM with a large number of orthogonal subcarriers, denoted by N. Each subcarrier is modulated either by M-PSK or M-QAM scheme. The total received electrical power per end user is obtained by dividing the total electrical power by N.
In the FSO part of the system, the optical signal is damaged by path loss, atmospheric turbulence and pointing errors. The combined channel state h, which incorporates these three terms, is given as
where h l denotes atmospheric path loss, h a is the atmospheric turbulence, and h p denotes pointing errors. It is assumed that all three terms are independent [18] . Atmospheric path loss is constant during a long time period. Its value is determined by Beers-Lambert Law as [18] 
where d O is the optical propagation path length, and ¼ 0:1 dB/km is the attenuation coefficient, which is a result of the superposition of multiple scattering and absorption processes [26] . Random changes in atmospheric temperature, pressure, altitude and wind speed can cause variations in the refractive index, leading to the presence of atmospheric turbulence. The received signal is consequently degraded by these intensity fluctuations. The statistical model that has shown to have excellent alignment in both theoretical calculations and empirical measurements for a wide range of turbulence conditions is the Gamma-Gamma distribution. The PDF of the irradiance h a is given by [7] - [9] f h a ðh a Þ ¼ 2ðÞ
where ÀðÁÞ is the Gamma function defined in [27, eq. (8.310.1)], and K v is the modified Bessel function of the second kind and order v defined in [27, eq. (8.432) ]. The parameters and represent the effective number of small scale and large scale cells and relate to the atmospheric conditions. Assuming plane-wave propagation and zero inner scale, and are given as [7] and [8] ¼ exp 0:49 
is the Rytov variance, with k ¼ 2= o , and C 2 n denotes the weather dependent index of refraction structure.
Due to the LoS requirements, FSO apertures are usually installed on high altitudes. Thermal expansion, weak earthquakes and building sway lead to the vibrations of the transmitted beam. The misalignment between the transmitting and receiving telescope is called misalignment fading or pointing errors. To statistically model pointing errors, we adopt the model which assumes a Gaussian spatial intensity profile of beam radius w z on the receiver plane, and a circular aperture radius a. Both horizontal and vertical sways are modeled as independent and identically distributed Gaussian random variables with zero mean and standard deviation denoted by S . The radial displacement at the receiver is therefore determined by a Rayleigh distribution. The PDF of the pointing errors can be obtained as [18] 
where ¼ w zeq =ð2 S Þ is the ratio between the equivalent laser beam waist and the pointing error standard deviation, with w . Furthermore, the beam radius at the distance d O , w z is related to beam radius at the waist denoted as w 0 and to the radius of curvature denoted as F 0 , as [28] 
, where
is obtained as [18] f H ðHÞ ¼ 2
where G m;n p;q ðÁÞ is the Meijer's G-function defined in [27, eq. (9.301)]. The received optical power at the BS can be determined by the Friis transmission equation as [29] 
where P RÀO , n R and G RÀO are the optical power, efficiency and telescope gain at the receiver, while P T ÀO , n T and G T ÀO are the optical power, efficiency and telescope gain at the transmitter. The optical power is multiplied by a constant K OÀRF and then converted to RF using a square-law device [6] 
The path loss between the BS and a wireless user is determined by a simple model, which is a function of distance [14] . The received RF signal power is given by
where P RÀRF is the received power by the user, P T ÀRF is the transmitted power by the BS, RF is the RF signal wavelength, ffiffiffiffiffi G l p is the product of the RF transmitted and received antenna field patterns in the LoS direction, d RF 0 is a reference distance for the antenna far field, d RF is the distance between the RF transmitter and the user, and is the RF path loss exponent.
The RF transmitted power per WiMAX subcarrier is obtained by dividing (10) by the number of subcarriers N as
The overall received RF power per a wireless user, including path loss, multipath fading and shadowing is obtained as
where is the random variable associated with the squared envelope of a composite wireless channel subject to multipath fading and shadowing. In wireless communications, both short-term (multipath) and long-term fading (shadowing) occur simultaneously. Multipath fading models the superposition of delayed, reflected, scattered and diffracted signal components, while shadowing models the local topography in the receiver surroundings [14] - [17] . The multipath part of the composite fading channel can be described by the Nakagami-m distribution, and the shadowing part can be described by the log-normal distribution. This composite model is not suitable for mathematical manipulation, and log-normal shadowing is replaced by a Gamma distribution with corresponding parameters [15] , [16] . This model is known in literature as the Generalized-K (GK) fading channel [17] .
The PDF of the GK fading envelope is given by [16] 
where m ! 0:5 and m s > 0 are the severity parameters of multipath fading an shadowing, respectively. Smaller values of m account for deeper fading, and smaller values of m s account for sharper shadowing conditions. When 0:5 m 1, the multipath fading is even deeper than Rayleigh, which is obtained by setting m ¼ 1. When m > 1, the propagation environment corresponds to the case when there exists a direct component. The shadowing severity parameter m s is related to the shadowing spread SH in log-normal shadowing as [15] SH ðdBÞ ¼ 10 ln10
where 0 ðÁÞ is the first derivative of the digamma function, defined in [27, eq. (8.360)]. Some experimental results relating multipath fading severity and shadowing spread are available in [17] and [18] .
The PDF of the squared envelope ¼ u 2 can be obtained by using a RV transform as [16] f ðÞ ¼
After substituting (9) and (10) in (13) and using (1), the received RF power is given as
where
and 
Next, we determine the PDF of ! ¼ as [30] 
where the conditional PDF is obtained as
Inserting (20) and (22) in (21), we obtain
ÀðÞÀðÞÀðmÞÀðm s Þ Â 
For better visibility, the parameters in the G-function in (24) are grouped as
Replacing (24) in (23), f ! ð!Þ is expressed as
The integral in (26) 
To the best of the authors' knowledge, the derived closed-form expressions for PDF and CDF in (30) and (33) are novel and can be utilized in determining different performance metrics. It should be noted that both PDF and CDF are expressed in terms of Meijer's G-functions that are the standard built-in functions in Mathematica software package. In addition, Meijer's G-functions can be transformed in more familiar hypergeometric functions [27, (33), we obtain the outage probability for our analysis.
Outage Probability Analysis
An outage event occurs when the received power for a WiMAX user falls below a predetermined minimum power level. Hence, the outage probability is
where PrðÁÞ denotes probability, and P min;sub is the minimum power level. Combining (17) and (36), we can express the outage probability as
As stated in the previous section, we use the CDF of ! given by (33) to obtain the outage probability P O;sub as
To estimate the minimum power level P min;sub , we assume that each subcarrier is modulated by BPSK, M-PSK or M-QAM scheme.
If each subcarrier is BPSK modulated, the bit error rate can be estimated by the well-known equation [32] 
where SNR ¼ P s T s =ðN RF þ N O Þ is the average symbol SNR [6] ; P s is the average symbol power; T s is the symbol duration; N RF and N O are the noise power densities of the RF and optical receivers, respectively; while erfcðx Þ denotes the complementary error function defined in [27, eq. (8.250.4) ]. From (39), by setting P BPSK min;sub ¼ P s , the minimum required power for BPSK signals is obtained as
Moreover, if each subcarrier is M-PSK modulated, an approximation for the symbol error rate for large M is given as [32] 
where QðÁÞ denotes the well-known Gaussian Q function. Using the relation erfcðx Þ ¼ 2Qð ffiffiffi 2 p x Þ, P MPSK min;sub for a target P MPSK SER;sub is obtained as
The upper bound for M-QAM symbol error rate can be found as [1] , [32] 
Following the same steps as in the BPSK and M-PSK schemes, the minimum required power for M-QAM can be obtained as [ 
Moments and AF
The amount of fading is a measure of fading severity and can be computed on the basis of the first two moments of the received SNR. This measure was originally introduced by Charash in [21] and frequently used in performance analysis of wireless channels, e.g., [5] .
The n-th moment of the received power defined as E½ðA!Þ n ¼ A
where b k are the individual values of 1 .
The amount of fading is expressed in terms of moments as AF ! ¼ E½ðA!Þ 2 =E½A! 2 À 1. Directly from (45), the expression for AF is obtained as
The AF is the measure of random process fluctuations with respect to its mean value.
Simulation Model
Monte-Carlo simulations were performed using MATLAB software package by generating 10 7 random variables (RVs) which are associated with the mixed FSO/WiMAX model. All commands for generating RVs are built-in into MATLAB. The RV which follows the Gamma-Gamma distribution is generated as a product of two independent Gamma-distributed RVs with shaping parameters and , respectively. In a similar fashion, the GK RV is generated as a product of the square root of two independent Gamma-distributed RVs with shaping parameters m and m s , respectively, where m s is related to the shadowing spread as given in (15) . Finally, the RV associated with the mixed FSO/WiMAX model is obtained based on (7) and (9) . The generated RV ! is then compared to the predetermined threshold. Outage probability is finally obtained by counting how many times the generated mixed FSO/WiMAX RV is less than the threshold.
Numerical Results
Using the expression for the outage probability, we present numerical results to investigate the different effects of the parameters of RF and FSO subsystems on outage probability. Furthermore, we determine the optimum beam radius at the waist, which minimizes outage probability. All analytical results are confirmed by Monte-Carlo simulations. In all figures, plotted curves are based on the equations derived in Section 3, while red dots correspond to the Monte-Carlo simulations with appropriate parameters. The values of WiMAX and FSO parameters, unless otherwise stated in the figures, are taken from [1] and are given in Table 1 . Both analytical and simulation results are obtained on the same computer, equipped with third generation Intel i7 processor with eight threads and 32 gigabytes of RAM. A single point obtained analytically is calculated at an average of 0.038 seconds using Mathematica software package. A single point obtained by means of Monte-Carlo simulation for 10 7 generated RVs using MATLAB is calculated at an average of 1506.39 seconds. Performance evaluation based on analytical expressions is about 4 Â 10 4 times faster than that based on Monte-Carlo simulations.
Outage probability dependence on RF link distance, d RF , (WiMAX BS-end user) for different modulation schemes is presented in Fig. 2 . On the basis of the expressions derived here, it is possible to calculate outage probability when different modulations are used over different FSO and WiMAX link lengths. As expected, outage probability increases as the optical and RF link distances increase. In addition to constellation sizes of M ¼ 4 and M ¼ 16, BPSK curves are plotted as well, which, as expected, give the best performance. For a constellation size of M ¼ 4, QAM and PSK schemes give the same results. As for higher modulation schemes, e.g., M ¼ 16, switching from PSK to QAM will result in better performance. Increasing the optical link distance from 1 km to 3 km will not only deteriorate the outage probability in the whole range of d RF but will also decrease the performance gap when switching from QAM to PSK at greater RF distance. The effect of shadowing is shown in Fig. 3 . For shorter optical links, shadowing will have a greater impact on outage probability. For instance, as SH increases from 2 dB to 12 dB, outage probability increases from 2:3 Â 10 À5 to 0.09 for d O ¼ 1 km but only from 0.33 to 0.571 for d O ¼ 3 km. The optimization of the transmitter laser beam radius at the waist is presented in Figs. 4-6 . Outage probability dependence on beam waist at the transmitter in different fading and shadowing conditions is presented in Figs. 4 and 5, while the impact of different turbulence conditions on optimal beam radius at the waist is shown in Fig. 6 . We examine the results and present which values of w 0 , denoted as w opt minimizes the outage probability. Fig. 4 shows outage probability dependence on w 0 in different shadowing conditions and for different values of normalized jitter standard deviation. When the normalized jitter standard deviation S =a is equal to one, the optimum w 0 , which minimizes the outage, remains around w opt ¼ 1:2 cm for both light and heavy shadowing. However, when S =a ¼ 6, this optimum value shifts from 7.7 cm at SH ¼ 3 dB to 9.4 cm at SH ¼ 12 dB. The greater the value of normalized jitter standard deviation, the stronger is the effect of SH on w opt . When shadowing spread is lower, the minimum value of outage probability varies for three orders of magnitude, while when SH is 12 dB, it varies only for an order of magnitude.
Multipath fading severity has a similar effect as shadowing when choosing the optimal w 0 , as it is shown in Fig. 5 . The optimum beam radius at the waist has almost remains the same in deep and shallow fading conditions when S =a ¼ 1. As this ratio is increased, i.e., misalignment is greater, w opt increases as fading conditions improve from m ¼ 0:5 to m ¼ 3. The optimal value of laser beam radius at the waist decreases as multipath fading severity increases. The multipath fading severity parameter has greater effect on w opt when normalized jitter standard deviation is greater.
Finally, the influence of atmospheric turbulence on optimal value of beam radius at the waist is shown in Fig. 6 . In contrast to [1] , where the log-normal distribution is used to model only weak atmospheric turbulence, we observe the additional effects of both moderate and heavy turbulence conditions on the optimal value of beam radius at the waist. The change in turbulence conditions have weak influence on outage probability in very deep multipath fading, where weak turbulence only slightly improves outage compared to strong turbulence. Since multipath fading is modeled by the Nakagami-m distribution, we observe this outage minimum not only for the case when there is no direct component (as in Rayleigh fading) but for scenarios where there exists a direct component as well, which accounts for real-world scenarios. As multipath fading conditions improve, for optimal value of beam radius at the waist, outage is decreased by several orders of magnitude when compared to strong conditions. For m ¼ 0:5, fading is more severe than the Rayleigh case, and outage probability has a minimum at around w 0 ¼ 0:8 cm for all turbulence conditions. On the other hand, for m ¼ 3, this minimum varies and is obtained at 13 cm, 12 cm and 10 cm for weak, moderate and strong turbulence conditions, respectively.
The AF dependence on fading severity m for different values of shadowing spread and optical link length is shown in Fig. 7 . As expected, the AF decreases as fading severity parameter m increases, for all shadowing sharpness and link distance. Sharper shadowing conditions increases the AF, and for instance, at m ¼ 1 and d O ¼ 1 km, AF is only 3.47 for SH ¼ 3 dB, and 10.11 for SH ¼ 12 dB. This effect is more apparent at larger optical link length, and for the same multipath fading severity and d O ¼ 3 km, the AF increases from 13.62 to 36.61 as shadowing spread increases from 3 to 12 dB.
Conclusion
In this paper, we have derived novel analytical expressions for overall outage probability of a hybrid FSO/WiMAX system and confirmed numerical results with Monte-Carlo simulations. We have analyzed the outage performance dependence on RF and FSO link distance, turbulence, shadowing and fading. After that, the optimization of laser beam radius at the waist has been performed under the condition of minimal value of the outage probability. The results have illustrated that by changing shadowing spread over RF link from 2 dB to 15 dB, the overall outage probability could be increased significantly, even for four orders of magnitude. In addition, the outage probability can be improved by several orders of magnitude by proper selection of laser beam radius at the waist. On the basis of the results, the conclusion is that the effect of optimal selection of laser beam radius at the waist on outage probability becomes stronger with decreasing of misalignment and turbulence strength over FSO link, as well as with decreasing of shadowing spread and multipath fading severity over RF link.
